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Abstract
We have discussed the behavior of anomalous quasiparticle with fractional electronic charge on
the domain wall between topological insulators and spin ice compounds from the standpoint of
the ﬁeld-theoretical formula.
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1 Introduction
Spin systems with long-range interactions present a formiclable challenge to theoretical analy-
sis. The most prominent examples of emergent quasiparticles are magnetic monopoles emerge
in a class of exotic magnets known collectively as spin ice [1-4]. Spin ice such as Dy2Ti2O7 and
Ho2Ti2O7 are frustrated magnets, a class of magnetic material well known for supporting exotic
excitations such as magnetic monopole excitations. Spin ices are found to have a residual en-
tropy at low temperature, which is well-approximated by the Pauling entropy for water ie. The
quantum Hall state [5-10] gives the ﬁrst example of topological states of matter which have topo-
logical quantum numbers diﬀerent from ordinary states of matter. With many-body interaction
and disorders, the Berry curvature and the ﬁrst Cherm number can be deﬁned over the space
of twisted boundary conditions [11]. The quantum Hall eﬀect of the (2 + 1)-dimensional time
reversal-breaking insulators has been generalized to time reversal-invariant insulators in various
dimensions. The quantum spin Hall state has been theoretically predicted [12] and experimen-
tally observed in HgTe quantum wells [13]. Time reversal-invariant topological insulators have
also been classiﬁed in (3+ 1)-dimension [14,15]. These three-dimensional states carry spin Hall
current in the insulating state [16]. The three-simensional topological insulator Bi1−xSbx in a
certain range of compositions [17] has been predicted and experimentally observed [18]. That
is, Dirac fermions on the surface of three-dimensional topological insulator have been observed
by angle-resolved photoemission spectroscopy [18]. One of us has reported the importance of
the hole-induced domain-wall and the hedgehog-like magnetic soliton in magnetoresistance in
diluted magnetic semiconductors [19-21], and doped manganites [22,23]. Recently, one of us
[24,25] has proposed exotic quasiparticles with fractional charges in semiconductor-dot from
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collectively induced-charge eﬀects on a domain wall shell. In this study, we will discuss the
anomalous properties of exotic quasiparticles with the fractionalized electric charge on the do-
main wall between spin ice compounds and topological insulators, through interactions between
the Dirac-like fermions and excited magnetic monopoles [26-30].
2 A model system
Spin ice materials are characterized by the presence of magnetic momentum μ residing on the
sites i of a pyrochlore lattice. Spin ice is governed by a model dipolar Hamiltonian as follows,
H = Jnmex
∑
<ij>
Si · Sj
+
μ0
4π
∑
i<j
[
Si · Sj
r3ij
− 3(Si · rij)(Sj · rij)
r5ij
]
(1)
Where Jnmex is the exchange interaction truncated at the nearest-neighbor level, the spins Si
point parallel to the local [111] axis, and μ0 is the vacuum permeability. The rare-earth spins
Sj have typical a dipole moment of approximately μ ∼ 10 μB (μB is Bohr magneton). The
magnetic charge, gM , of excited magnetic monopole in the spin-ice takes the valves ±2μ/b, μ ∼
10 μB being the dipole moment of a spin and b the distance between the center of adjacement
tetrahedra. Now we shall introduce the eﬀective gauge ﬁeld Aice(SU(2)), the scalar ﬁeld ϕ
a
ice
(Higgs triplet), in order to discuss in more detail the eﬀect of excited magnetic monopoles in
the spin-ice. That is,
Aa,cli,ice =
1
gr
εaijnj(1− Fice(r)) (2)
Acl0,ice = 0 (3)
ϕclice = n
aτav(1−Hice(r)). (4)
where g = 1gM , r =
√
x2, n = x/r, Fice(r) and Hice(r) obey the following boundary conditions,
Fice(0) = Hice(0) = 1, Fice(∞) = Hice(∞) = 0. We use the euclidean formulation of the ﬁeld
theory, so the action function is
S = SA,ϕ + SA,ψ
where
SA,ϕ =
∫
dt
{∫
d3x
[
− 1
2g2
TrF 2μν +
1
4
Tr(Dμϕ)
2 + λ(Trϕ2 − 2v2)2
]}
(5)
is the bosonic part and
SA,ψ = −i
∫
d3xdt
∑
g
ψ
(s)L
γμL(∂μ +Aμ)ψ
(s)L. (6)
is the fermionic part of the action. In this gauge, the fermionic sector consists of four massless
left-handed fermions ψ
(s)L
− ≡ ψ(s)L1 and ψ(s)Lt ≡ ψ(s)L2 carrying the electric charge (− 12g) and
(+ 12g), respectively. The gauge-invariant current of s-th fermion,
J (s)μ = ψ
(s)L
γμLψ
(s)L = ψ
(s)L
γμ(
1− γ5
2
)ψ(s)L (7)
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has the anomalous divergence
∂μJ
(s)
μ =
1
32π2
εμνλρTrFμνFλρ. (8)
The operator of total angular momentum, Jj = Li +
1
2σi +
1
2τi, does not intermix the left- and
right-handed components of the wave function of fermions. If the original wavefunction ψ is
represented in the form, ψ =
(
χ
η
)
, where χ and η are the left- and right-handed components,
respectively. Wavefunctions with zero angular momentum Ji = 0 are of particular interest. A
general spherically symmetric fermion ﬁeld (left-handed) with the zero modes
ψ
(s)0L
αl = (
√
8πr)−1 exp (
∫ r
∞
Fice(r
′)
dr′
r′
)χ
(s)0
αl . (9)
ψ
(s)L
l=1 ≡ ψ(s)L− , ψ(s)Ll=2 ≡ ψ(s)L+ , (10)
where s is ﬂavour index, α = 1, 2 and l = 1, 2 are Lorentz and gauge group indices, respectively.
χ
(s)(o)
αl = εαlχ
(s)0
1 (r, t)− iτaαβεβlnaχ(s)0αl (r, t). (11)
Introducing the compact notation χ =
(
χ1
χ2
)
,
< ψ
(s)L
ψ(s)L >Mon= (4πr2)−1 < f(r, t) >Mon . (12)
Where f(r, t) = χ
(1)
1 (r, t)χ
(2)
1 (r, t) + χ
(2)
2 (r, t)χ
(2)
2 (r, t) in the presence of monopoles. We begin
the evaluation < f(r, t) >Mon with the calculation of the two-point function,
< f(r1, t1)f
+(r2, t2) >
Mon≡ F (r1t1, r2t2). (13)
Approximately
F (r1t1, r2t2) = exp{(−4P (r1t1, r2t2) + 2P (r1t1, r1t1) + 2P (r2t2, r2t2)}
×Sp{G0(r1t1, r2t2)GT0 (r1t1, r2t2)} (14)
where
P (rt, r′t′) =
1
2
π{Re2/4π2(rt, r′t′)− ℘(r − r′, t− t′)− ℘(r + r′, t− t′)}. (15)
G0(rt, r
′t′) =
1
2π
{
(t− t′)− iτ2(r − r′)
(r − r′)2 + (t− t′)2 +
(t− t′)− iτ2(r + r′)
(r + r′)2 + (t− t′)2 τ3
}
(16)
Here,
Re2/4π2(rt, r
′t′) = − 1
2π
L{√
e2
4π2
+ 14− 12
}
{
1 +
(r − r′)2 + (t− t′)2
2rr′
}
. (17)
Lm(z) is the Legendre function. ℘(r, t) is the propagator of the two-dimensional massless scalar
ﬁeld, ℘(r, t) = 14π logμ
2(r2 + t2), and μ is an arbitrary mass scale. After some approximations,
lim
|t1−t2|→∞
F (r1t1, r2t2) ∼ < f(r1, t1) >Mon< f(r2, t2) >Mon (18)
∼ 1
16π2r1r2
(1 + 0(g2)). (19)
So < f(r1, t1) >
Mon ∼ e
iθ
4πr1
(1 + 0(g2)) = 0. (20)
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Where θ is an unknown real parameter. That is, < εαβψ
(s)L
+ ψ
(s)L
− >
Mon = 0. In similar process,
we can introduce the right-handed fermions. If right-handed fermions are included in the model,
< εαβψ
(s)R
− ψ
(s)L
− >
Mon = 0. This process is shown as follows,
ψL−+ monopole −→ ψR− +monopole. (21)
↑ ↑
spin− ice spin− ice
This suggests strongly that left-handed (right-handed) surface-fermions transfer to right-handed
(left-handed) surface-fermions on the domain wall between the topological insulators and spin-
ices through interaction with excited monopoles from spin-ices. In this process, the number
of left-handed fermions, NL, and the number of right-handed fermions, NR, are not conserved
individually. Here we shall discuss the possible ﬁnal state of the process, when the negatively
charged left-handed fermion is incident on the excited monopole from spin ice compounds. It is
known that a negatively charged left-handed fermion cannot occur in the ﬁnal state through the
monopole scattering, since the wave function of its fermion does not contain outgoing waves.
Because of the conservation of electric charge, the transition ψL− → ψL+ must be accompanied
by the appearance of an electric charge on the monopole. That is, the monopole must transfer
to the dyon. This process is shown as follow,
ψL−+ monopole −→ ψL+ + dyon. (22)
↑
spin− ice
Since we do not have the information of eﬀective masses of monopoles and dyons in this materials
so far, this process might be possible. Now we shall discuss the Witten eﬀect [26] near the
domain wall between the topological insulators and spin-ice. To study the response properties
of the (3+1) dimension system, the eﬀective action S3D(A, θ) with an adiabatic parameter θ
can be deﬁned as
eiS3D(A,θ) =
∫
DψDψ exp
[
i
∫
dt
∑
x
ψx(i∂τ −A x0)ψx −H[A, θ]
]
.
H(A, θ) is the (3+1) dimensional Hamiltonian of Dirac model coupled to an external U(1)
gauge ﬁeld A [10]. ψ is the wavefunction of the Dirac electron. Where x stands for the three-
dimension coordinates. A Taylor expansion of S3D can be carried out around the gauge ﬁeld
conﬁguration As(x, t), whose s = 1, 2, 3 stands for the x,y,z directions, θ(x, t) ≡ θ0, which
contains a nonlinear-response term derived from the (4+1) dimensional Chern-Simon action,
S3D(A, θ) =
G3(θ0)
4π
∫
d3x dt ε μνστδθ∂μAν∂σAτ .
The ﬁeld δθ(x, t) = θ(x, t)− θ0 plays the role of A4 in the (4+1) dimension, and the coeﬃcient
G3(θ0) is determined by Goldstone and Wilczek-type Feynman diagram [31]. Consequently,
G3(θ0) can be calculated as follows.
G3(θ0) = −π
6
∫
d3k dω
(2π)4
Trε μνστ
[(
G
∂G−1
∂qμ
)(
G
∂G−1
∂qν
)(
G
∂G−1
∂qσ
)(
G
∂G−1
∂qτ
)(
G
∂G−1
∂θ0
)]
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where qμ = (ω, kx, ky, kz) and G(qμ) = [ω+ iδ−h(ki)]−1 is the single-particle Green’s function.
In addition, G3(θ0) is determined from the Berry phase curvature as
G3(θ0) =
1
8π2
∫
d3k εijhTr[fθifjh]
in which the Berry phase gauge ﬁeld is deﬁned in the four-dimensional space (kx, ky, kz, θ0), ie.,
aαβi = −i
〈
k, θ0;α
∣∣( ∂
∂ki
) ∣∣k, θ0;β
〉
and
aαβθ = −i
〈
k, θ0;α|
(
∂
∂θ0
)
|k, θ0;β
〉
.
A generalized polarization P3(θ0) can also be deﬁned in (3+1) dimensions so that G3(θ0) =
∂P3(θ0)
∂θ0
=
∫
d3k∂θK
θ, with
P3(θ0) =
∫
d3kKθ =
1
16π2
∫
d3k εθijkTr
{(
fij − 1
3
[ai, aj ]
)
· ak
}
.
The eﬀective action for the (3+1)-dimensional system is ﬁnally written as
S3D(A, θ) =
1
16π2
∫
d3x dt θ0(x, t)ε
μνστ∂μAν∂σAτ
In the case of the (3+1) dimensional topological insulator, θ0(x, t) correspond to π. Here we
shall consider the domain wall between the topological insulator and spin ice as shown in Fig.
1. We must consider the (3+1) dimensional Dirac fermion with a domain wall conﬁguration of
the θ0(z) ﬁeld given by
θ0(z) =
π
2
[
1− tanh
(
z
4ξ
)]
which has the asymptotic behavior θ0(z → −∞) = π, θ0(z → ∞) = 0. The domain wall width
is ξ.
Figure 1: The bilayer of spin ice Dy2Ti2O7
and topological insulator Bi1−xSbx
For the spin ice compound Dy2Ti2O7, the magnitude μ of the magnetic moments equals ap-
proximately ten Bohr magnetrons μ ∼ 10 μB . The distance between spins is rij and a ∼ 3.54
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A˚ is the pyrochlore nearest-neighbor distance. The coupling constant of the dipolar interaction
is
μ0μ
2
4πa3
= 1.41 K.
Here we shall consider the excited states. The excited inverted-dumbbell corresponds to two ad-
jacent sites with net magnetic charge ±gM = ±2μb −a nearest neighbor monopole-antimonopole
pair. Where b =
√
3
2a is the diamond lattice bond length. The monopoles can be separated
from one another without further violation of local neutrality by ﬂipping a chain of adjacent
dumbbell. As shown in Fig. 1, when excited magnetic monopoles in the spin ice inject into the
domain wall with the θ0(z) as follows,
θ0(z) ∼ π
2
[
1− tanh
(
z
4ξ
)]
.
The magnetic monopole transfers to the dyon with the fractional electric charge
Q ∼ ±θ0(z)
2π
gM = ±θ0(z)
2π
2μ
b
due to the Witten eﬀect [26]. Now we shall consider the relaxation of the fermion on the
domain wall due to the dyons, which are derived from magnetic monopoles in the spin ice. The
Green-function of fermion is represented approximately as follow,
G(k, ε+ iδ) =
1
ε+ iδ − εk −
∑
(k, ε+ iδ)
∑
(k, ε+ iδ) ∝ iπNdyon
(
e
4π
θ0
2μ
b
)2
n ≡ i
2τ
where Ndyon is the density of dyons and n is the fermion density per spin on the domain wall.
τ is relaxation time. Ndyon is proportional to the magnetic monopole density ρmono. Taking
into accounts the monopole density in the spin ice [32], it has been deduced that Ndyon at 10
K is approximately 10 times of one at 1 K in the case of the domain wall between the spin ice
Dy2Ti2O7 and the topological insulator Bi1−xSbx. That is, it is expected that the relaxation
time τ at 10 K is reduced 1/10 in comparison with the τ at 1 K.
3 Conclusion
We have discuss the behavior of emergent quasiparticle with fractional electronic charge on
the domain wall between topological insulator and spin ice components, through the Witten
eﬀect and interaction between the Dirac fermions and excited magnetic monopoles, from the
standpoint of the ﬁeld-theoretical formula.
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